Electromagnetic properties of doubly charmed baryons in Lattice QCD by Can, K. U. et al.
Electromagnetic properties of doubly charmed baryons
in Lattice QCD
K. U. Can,1 G. Erkol,1 B. Isildak,1 M. Oka,2 and T. T. Takahashi3
1Department of Natural and Mathematical Sciences,
Faculty of Engineering, Ozyegin University,
Nisantepe Mah. Orman Sok. No:13,
Alemdag 34794 Cekmekoy, Istanbul Turkey
2Department of Physics, H-27, Tokyo Institute
of Technology, Meguro, Tokyo 152-8551 Japan
3Gunma National College of Technology, Maebashi, Gunma 3718530, Japan
(Dated: May 7, 2018)
Abstract
We compute the electromagnetic properties of Ξcc baryons in 2+1 flavor Lattice QCD. By mea-
suring the electric charge and magnetic form factors of Ξcc baryons, we extract the magnetic
moments, charge and magnetic radii as well as the ΞccΞccρ coupling constant, which provide im-
portant information to understand the size, shape and couplings of the doubly charmed baryons.
We find that the two heavy charm quarks drive the charge radii and the magnetic moment of Ξcc
to smaller values as compared to those of, e.g., the proton.
PACS numbers: 14.20.Lq, 12.38.Gc, 13.40.Gp
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I. INTRODUCTION
There has been recently a profound interest in charmed baryons which was mainly trig-
gered by the experimental discovery of the doubly charmed baryons Ξcc by SELEX [1, 2],
although it was not confirmed by BABAR [3] and BELLE experiments [4]. While there are
many states yet to be confirmed and discovered experimentally, the charmed baryon sector
is under an intense theoretical investigation. One of the several aspects which makes the
physics of doubly charmed baryons interesting is that the binding of two heavy quarks and
a light quark provides a unique perspective for dynamics of confinement. Moreover, the
weak decays of doubly charmed baryons give an insight to the dynamics of singly charmed
baryons.
Previous calculations on the charmed baryons have been mostly concentrated on their
spectrum. To this end, various methods have been used: quark models [5, 6], Heavy Quark
Effective Theory [7], QCD Sum Rules [8, 9], Lattice QCD with quenched approximation [10–
12] and with dynamical quarks [13–17]. Recent lattice results predict the mass of the Ξcc
baryon to be ∼100 MeV larger as compared to the experimental value by SELEX which is
3518.9(9) MeV.
While the baryon spectrum still stands as a challenge for the lattice QCD simulations,
the electromagnetic properties of baryons are as crucial, for deciphering the internal struc-
ture. Lattice computations can now probe the electromagnetic structure of the nucleon
for pion masses as low as mpi ∼ 180 MeV [18] and with a technology being continuously
improved [19]. Ξcc baryons are particularly interesting in this respect. Determining how
the three quarks distribute themselves inside the baryon - when two of them are heavy -
enhances our understanding of the heavy-quark dynamics and sheds light on the internal
structures of, not only heavy, but all baryons.
Our aim in this work is to compute the electromagnetic form factors, as well as the
charge radii and the magnetic moments of the spin-1/2 Ξcc baryons in 2+1 flavor Lattice
QCD. We also compute the ΞccΞccρ coupling constant, which is an important ingredient for
the parameterization of charmed-baryon molecular states in terms of one-boson exchange
potential models [20, 21]. Note that the magnetic moments of charmed baryons have been
considered before in quark models [22–24] and QCD Sum Rules [25, 26]. Our work is
organized as follows: In Section II we present the theoretical formalism of our calculations
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of the form factors together with the lattice techniques we have employed to extract them.
In Section III we present and discuss our numerical results. Section IV contains a summary
of our findings.
II. THE FORMULATION AND THE LATTICE SIMULATIONS
To compute the electromagnetic form factors, we consider the baryon matrix elements of
the electromagnetic vector current, Vµ =
2
3
cγµc +
2
3
uγµu − 13dγµd, which can be written in
the form
〈B(p)|Vµ|B(p′)〉 = u¯(p)
[
γµF1,B(q2) + i
σµνq
ν
2mB
F2,B(q2)
]
u(p), (1)
where qµ = p
′
µ − pµ is the transferred four-momentum. Here u(p) denotes the Dirac spinor
for the baryon with four-momentum pµ and mass mB. The Sachs form factors F1,B(q2) and
F2,B(q2) are related to the electric and magnetic form factors by
GE,B(q2) = F1,B(q2) +
q2
4m2B
F2,B(q2), (2)
GM,B(q2) = F1,B(q2) + F2,B(q2). (3)
Our method of computing the matrix element in Eq. (1), which was employed to extract
the nucleon electromagnetic form factor, follows closely that of Ref.[19]. Using the following
ratio
R(t2, t1;p
′,p; Γ;µ) =
〈FBVµB(t2, t1;p′,p; Γ)〉
〈FB(t2;p′; Γ4)〉
[ 〈FB(t2 − t1;p; Γ4)〉
〈FB(t2 − t1;p′; Γ4)〉
×〈F
B(t1;p′; Γ4)〉〈FB(t2;p′; Γ4)〉
〈FB(t1;p; Γ4)〉〈FB(t2;p; Γ4)〉
]1/2
,
(4)
where the baryonic two-point and three-point correlation functions are respectively defined
as:
〈FB(t;p; Γ4)〉 =
∑
x
e−ip·xΓαα
′
4
× 〈vac|T [ηαB(x)η¯α
′
B (0)]|vac〉,
(5)
〈FBVµB′(t2, t1;p′,p; Γ)〉 = −i
∑
x2,x1
e−ip·x2eiq·x1
× Γαα′〈vac|T [ηαB(x2)Vµ(x1)η¯α
′
B′(0)]|vac〉,
(6)
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with Γi = γiγ5Γ4 and Γ4 ≡ (1 + γ4)/2. The Ξcc interpolating fields are chosen, similarly to
that of nucleon, as
ηΞcc(x) = 
ijk[cT i(x)Cγ5`
j(x)]ck(x), (7)
where ` = u for the doubly charged Ξ++cc (ccu) and ` = d for the singly charged Ξ
+
cc(ccd)
baryon. Here i, j, k denote the color indices and C = γ4γ2. t1 is the time when the external
electromagnetic field interacts with a quark and t2 is the time when the final baryon state
is annihilated. When t2 − t1 and t1  a, the ratio in Eq. (4) reduces to the desired form
R(t2, t1;p
′,p; Γ;µ) t1a−−−−−→
t2−t1a
Π(p′,p; Γ;µ). (8)
We extract the form factors GE,B(q2) and GM,B(q2) by choosing appropriate combinations
of Lorentz direction µ and projection matrices Γ:
Π(0,−q; Γ4;µ = 4) =
[
(EB +mB)
2EB
]1/2
GE,B(q2), (9)
Π(0,−q; Γj;µ = i) =
[
1
2EB(EB +mB)
]1/2
ijk qkGM,B(q2). (10)
Here, GE,B(0) gives the electric charge of the baryon. Similarly, the magnetic moment can
be obtained from the magnetic form factor GM,B at zero momentum transfer.
Our lattice setup is explained in detail in Ref. [27]. We use the wall method which does
not require to fix sink operators in advance and hence allowing us to compute all baryon
channels we are interested in simultaneously. However, since the wall sink/source is a gauge-
dependent object, we have to fix the gauge, which we choose to be Coulomb. We extract
the baryon masses from the two-point correlator with shell source and point sink, and use
the dispersion relation to calculate the energy at each momentum transfer.
Our simulations have been run on 323× 64 lattices with 2+1 flavors of dynamical quarks
and we use the gauge configurations that have been generated by the PACS-CS collabora-
tion [28] with the nonperturbatively O(a)-improved Wilson quark action and the Iwasaki
gauge action. We use the gauge configurations at β = 1.90 with the clover coefficient
cSW = 1.715 and they have a lattice spacing of a = 0.0907(13) fm (a
−1 = 2.176(31) GeV). We
consider four different hopping parameters for the sea and the u,d valence quarks, κsea, κ
u,d
val =
0.13700, 0.13727, 0.13754 and 0.13770, which correspond to pion masses of ∼ 700, 570, 410,
and 300 MeV. The hopping parameter for the s sea quark is fixed to κssea = 0.1364.
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Similar to our simulations in Ref. [27], we choose to employ Clover action for the charm
quark. While this choice may seem questionable since the Clover action is subject to dis-
cretization errors of O(mq a), the calculations which are insensitive to a change of charm-
quark mass are less severely affected by these errors [27, 29]. In our case, we have estimated
the effect of discretization errors to be of the order of a few percent (see the discussion
below). Precision calculations such as the spectral properties and the hyperfine splittings
requires a more careful treatment of these lattice artefacts by considering improved actions
such as Fermilab [31]. Note that the Clover action we are employing here is a special case
of the Fermilab heavy-quark action with cSW = cE = cB [32]. We determine the hopping
parameter of the charm quark (κc = 0.1224) so as to reproduce the mass of J/ψ(3097).
We employ smeared source and wall sink which are separated by 12 lattice units in
the temporal direction. Source operators are smeared in a gauge-invariant manner with
the root mean square radius of ∼ 0.5 fm. All the statistical errors are estimated via the
jackknife analysis. In this work, we consider only the connected diagrams. Computation
of the disconnected diagrams is a numerically demanding task. Their contributions, on the
other hand, have been found to be consistent with zero in the case of nucleon electric form
factors [33].
We make our measurements on 100, 100, 150 and 170 configurations, respectively for each
quark mass. In order to increase the statistics we take several different source points using the
translational invariance along the temporal direction. We make nine momentum insertions:
(|px|, |py|, |pz|) = (0, 0, 0), (1, 0, 0), (1, 1, 0), (1, 1, 1), (2, 0, 0), (2, 1, 0), (2, 1, 1), (2, 2, 0), (2, 2, 1)
and average over equivalent (positive and negative) momenta. In the case of magnetic form
factors, we average over all possible equivalent combinations of momentum, spin projection
and Lorentz component in order to increase the statistics. As a result the statistical precision
is highly improved. We consider both the local
Vµ = q(x)γµq(x), (11)
and the point-split lattice vector current,
Vµ = 1/2[q(x+ µ)U
†
µ(1 + γµ)q(x)− q(x)Uµ(1− γµ)q(x+ µ)], (12)
which is conserved by Wilson fermions, hence does not require any renormalization on the
lattice. Since we obtain completely consistent results for both currents we present our results
only for the point-split one.
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III. RESULTS AND DISCUSSION
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FIG. 1: The ratio in Eq. (4) as function of the current insertion time, t1, for all the quark masses
we consider and first nine four-momentum insertions. The horizontal lines denote the plateau
regions as determined by using a p-value criterion (see text).
We give the ratio in Eq. (4) for the electric (magnetic) form factors as functions of the
current insertion time, t1, for each quark-mass value we consider and for the first nine (seven)
momentum insertions in Fig. 1 (Fig.2). In determining a plateau region, we consider the
p-value as a criterion. 1 In each case, we search for plateau regions of minimum three time
slices between the source and the sink, and we choose the one that has the highest p-value.
The regions closer to the smeared source are preferred as they are expected to couple to the
ground state with higher strength as compared to the wall sink.
In order to obtain the magnetic moment, we need to extract the magnetic form factor
GM at −q2 ≡ Q2 = 0. In other words, the lattice results need to be extrapolated to Q2 = 0.
1 The p-value is the probability of having a χ2 value greater than or equal to the that obtained in the fit.
Therefore a large p-value indicates a stronger compatibility between the data and the fit form [34].
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FIG. 2: Same as Fig. 1 but for the magnetic form factors.
We use a dipole form to describe the data at finite momentum transfers and to extrapolate:
GE,M(Q
2) =
GE,M(0)
(1 +Q2/Λ2E,M)
2
. (13)
Note that GE(0) = 2 for Ξ
++
cc and GE(0) = 1 for Ξ
+
cc, which are obtained in our simulations
to a very good accuracy. In Fig. 3 (Fig. 4), we give the electric (magnetic) form factor of
Ξ++cc (Ξ
+
cc) as a function of Q
2. We show the lattice data and the fitted dipole forms for all
the quark masses we consider. As can be seen from the figures, the dipole form describes
the lattice data quite successfully with high-quality fits.
We can evaluate the electromagnetic charge radius of the Ξcc baryons from the slope of
the form factor at Q2 = 0,
〈r2E,M〉 = −
6
GE,M(0)
d
dQ2
GE,M(Q
2)
∣∣∣∣
Q2=0
. (14)
For the dipole form in Eq. (13) we have
〈r2E,M〉 =
12
Λ2E,M
, (15)
and the charge radii can be directly calculated using the values given in Table I.
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FIG. 3: The electric form factor GE(Q
2) of Ξ++cc as a function of Q
2 and as normalized with its
electric charge, for all the quark masses we consider. The dots mark the lattice data and the curves
show the best fit to the dipole form in Eq. (13).
To extract the coupling constant to the ρ-meson we use the VMD approach [27, 36]:
FV (Q
2) =
m2ρ
m2ρ +Q
2
gΞccΞccρ
gρ
, (16)
where mρ is the ρ-meson mass, gρ is a constant which determines the coupling of the vector
meson to the photon and we find gρ = 4.96 [27].
The magnetic moment is defined as µB = GM(0)e/(2mΞcc) in natural units. We obtain
GM(0) by extrapolating the lattice data toQ
2 = 0 via the dipole form in Eq. (13) as explained
above. We evaluate the magnetic moments in nuclear magnetons using the relation
µΞcc = GM(0)
(
e
2mΞcc
)
= GM(0)
(
mN
mΞcc
)
µN , (17)
where mN is the physical nucleon mass and mΞcc is the Ξcc mass as obtained on the lattice.
Our numerical results are given in Table I. We give the dipole masses of electric and mag-
netic form factors ΛE,M , the electric and magnetic charge radii, the values of the magnetic
form factors at Q2 = 0, the magnetic moments of Ξcc, ΞccΞccρ coupling constant (gΞccΞccρ)
and the mass of Ξcc, at each quark-mass value we consider. In the case of the doubly charged
Ξ++cc baryon, the contributions of the c-quark and the u-quark to the magnetic moment are
of the same size but opposite in sign. Such a cancellation of the quark contributions results
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FIG. 4: The magnetic form factor GM (Q
2) of Ξ+cc as a function of Q
2 for all the quark masses
we consider. The dots mark the lattice data and the curves show the best fit to the dipole form in
Eq. (13).
in a much smaller value as compared to the magnetic moment of Ξ+cc, but then the data is
somewhat noisy and inconclusive. Therefore we do not present the numerical results for the
magnetic moment of Ξ++cc here.
To obtain the values of the observables at the chiral point, we perform fits that are linear
and quadratic in m2pi:
flin = a1m
2
pi + b1, (18)
fquad = a2m
4
pi + b2m
2
pi + c, (19)
where a1,2, b1,2, c are the fit parameters. It is interesting to compare our result for the Ξcc
mass with the one obtained by the PACS-CS from the same lattices; it must be noted that
they use a relativistic heavy-quark action to keep the O(mQa) errors under control and
find amΞcc = 1.656(10). A caveat is that PACS-CS extracts the Ξcc mass at the physical
point without any chiral extrapolation, which in our case needs to be taken into account
as a source of systematic error. Yet, a mass determination, of course, requires a more
systematic chiral fit than linear or quadratic forms as we perform here. However, such a
comparison is useful to see the effect of the discretization errors which are found to be of
the order of a few percent. In addition to our findings in the meson sector we explicitly
checked the sensitivity of the Ξcc form factors on charm-quark hopping parameter for the
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TABLE I: The dipole masses of electric and magnetic form factors ΛE,M in GeV, the electric and
magnetic charge radii in fm2, the values of magnetic form factors at Q2 = 0 (GM,Ξcc(0)), the
magnetic moment of Ξ+cc (µΞ+cc) in nuclear magnetons, ΞccΞccρ coupling constant (gΞccΞccρ) and the
mass of Ξcc in lattice units (amΞcc), at each quark mass we consider.
κu,dval ΛE,Ξ++cc ΛE,Ξ+cc 〈r2E,Ξ++cc 〉 〈r
2
E,Ξ+cc
〉 amΞcc
[GeV] [GeV] [fm2] [fm2]
0.13700 1.853(79) 2.988(280) 0.136(12) 0.052(10) 1.779(6)
0.13727 2.033(71) 4.183(644) 0.113(8) 0.027(8) 1.748(6)
0.13754 1.970(75) 4.723(955) 0.120(9) 0.021(8) 1.726(7)
0.13770 1.801(81) 3.555(500) 0.144(13) 0.037(10) 1.706(8)
Lin. Fit 1.697(63) 3.600(306) 0.135(11) 0.020(7) 1.697(6)
Quad. Fit 1.476(103) 2.409(698) 0.164(18) 0.049(12) 1.696(12)
κu,dval ΛM,Ξ+cc 〈r2M,Ξ+cc〉 GM,Ξ+cc(0) µΞ+cc gΞccΞccρ
[GeV] [fm2] [µN ]
0.13700 1.829(86) 0.139(13) 1.573(65) 0.381(16) 6.555(428)
0.13727 1.936(88) 0.124(11) 1.600(41) 0.394(10) 5.651(211)
0.13754 1.940(94) 0.124(12) 1.629(62) 0.407(15) 5.721(263)
0.13770 1.706(97) 0.160(18) 1.674(83) 0.423(22) 5.536(230)
Lin. Fit 1.788(67) 0.135(12) 1.671(61) 0.424(15) 5.700(245)
Quad. Fit 1.444(136) 0.173(25) 1.695(106) 0.430(27) 6.098(380)
κud = 0.13700 lattices. We have found that changing the valence charm quark mass results
in an approximately 100 MeV (3%) deviation in the Ξcc mass. Nevertheless this results in
only a negligible change in the form factors. The electric charge radius deviates by less than
2%. We find 〈r2E,Ξcc〉κc=0.1232 = 0.156(28) as compared to the 〈r2E,Ξcc〉κc=0.1224 = 0.154(28)
for 30 configurations. Considering also our final errors for the charge radius, it is safe to
assume that these observables are insensitive to such a change in the charm quark mass at
this precision.
Having improved the statistical precision by combinations of all possible momentum,
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spin projection and Lorentz components, the lattice data nicely extrapolate to the chiral
point. In Fig. 5, we show the chiral extrapolations for the electric radius, charge radius and
the magnetic moment of Ξcc baryons. The results of the two fit forms, namely linear and
quadratic, with their error bands are given. In order to evaluate the quality of the fits, we
report their χ2 per degree of freedom value and the p-values. While the fit results to linear
and quadratic forms deviate from each other with their one to two standard deviations in
some cases, the χ2 per degree of freedom and the p-values suggest that the quadratic form
is favored over the linear form except for the magnetic moment.
We find that the electric charge radius of Ξcc is much smaller as compared to that of the
proton (the experimental value is 〈r2E,p〉 =0.770 fm2 [34]) and this is in accordance with our
conclusion in our recent work on D mesons [27] that the large mass of the c quark drives
the charge radii of charmed hadrons to smaller values. In Ref. [30], based on the SELEX
doubly heavy baryon data, the authors show that the large isospin splitting implies a smaller
electric charge radius, hence more compact baryon. It is relevant to note that our results
for the charge radii are consistent with their findings.
A similar conclusion can be reached for the magnetic properties of the charmed baryons.
The magnetic moment and the magnetic charge radius of Ξ+cc are much smaller as compared
to those of the proton, which are µp = 2.793 µN and 〈r2M,p〉 = 0.604 fm2 [34], respectively.
As compared to the relativistic and nonrelativistic quark models, which predict µΞ+cc '
0.7-0.8 µN [22–24], the computed value on the lattice is smaller. On the other hand, it
is interesting to note that the charge radii do not systematically decrease as the pion mass
increases, in opposite to what has been found for the nucleon. While this seems to contradict
with our conclusion that the charge radii are smaller for heavier quarks, such behavior may
be related to the modification of the confinement force in hadrons: The two charm quarks
are compact in the Ξcc and the effect of the extra light quark is to modify the string tension
between the two-charm component [35]. Further investigation is necessary to have a vigorous
conclusion since this effect may change the inner dynamics of the hadron as the light quark
gets heavier. Along this line, a lattice investigation of the doubly charmed and strange Ωcc
baryon seems timely as it can shed light on this issue.
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IV. CONCLUSION
We have computed the electromagnetic properties of the doubly charmed Ξcc baryons in
2+1-flavor lattice QCD for the first time in the literature. In particular, we have extracted
the electric and magnetic charge radii and the magnetic dipole moment of Ξcc baryons,
which provide very useful information about the size and the shape of the baryons. We have
computed the form factors up to ∼1.5 GeV2 and from these we have extracted the static
electromagnetic properties. We have found that the two heavy quarks drive the electric
and magnetic charge radii of the Ξcc baryon to lower values, as compared to, e.g. the
proton. In addition, we extracted the ΞccΞccρ coupling constant, which plays an important
role in the description of charmed-baryon molecular states in terms of one-boson exchange
potential models. Having explored the sector of doubly charmed baryons on the lattice, an
interesting comparison can be made with the static electromagnetic properties of the singly
charmed baryons, which would provide an informative perspective on the QCD dynamics at
the heavy-quark level. A work along this line is still in progress.
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